We describe the spontaneous emission properties of an M-type five-level atom embedded in a photonic crystal (PC), which is coherently driven by two external laser fields. It leads to two types of quantum interference: reservoir-induced interference and laser-induced interference. Considering different detunings of atomic transition frequencies from band edges, we reveal some interesting phenomena such as spectral-line enhancement, spectral-line suppression, spectral-line narrowing, reservoir-induced cancellation of spontaneous emission and the appearance of dark lines, which originate from the quantum interference effects and the control of external laser fields. These investigations suggest possible applications in quantum optics, optical communications and in the fabrication of novel optoelectronic devices.
Introduction
The control of spontaneous emission lies at the heart of quantum optics. It leads to many interesting phenomena, such as electromagnetically induced transparency (EIT) [1] [2] [3] , lasing without population inversion (LWI) [4] [5] [6] , enhanced index of refraction without absorption [7, 8] and giant nonlinearity [9] [10] [11] . Over the last few years, substantial efforts have been made to investigate the spontaneous emission properties of atoms in photonic crystal (PC) structures. PCs are of fundamental importance because of their ability to modify the dynamics of light-matter interaction. As is known, in PCs the periodic refractive index results in an optical bandgap, i.e. a forbidden frequency range for the photons in a given direction [12, 13] . The existence of a frequency gap where the propagation of electromagnetic waves is forbidden can give rise to unusual quantum optical phenomena such as the inhibition and enhancement of spontaneous emission [14] [15] [16] , the localization of light [17, 18] , the formation of photon-atom bound state [19] [20] [21] , gap solitons [22, 23] , anomalous index of refraction [24, 25] and so on. On the other hand, the use of PCs to manipulate spontaneous emission will contribute to the evolution of diverse applications ranging from miniature lasers and light-emitting diodes [26, 27] , to single-photon sources of quantum information [28, 29] and to solar energy harvesting [30] .
It is well known that the emission process of an atom or molecule depends not only on the energy level structure but also on the characteristics of the surrounding environment. Theoretical studies of emitters placed in structures, such as in free space [31, 32] , an optical cavity [33, 34] , an optical waveguide [35, 36] , a PC material [37, 38] or an otherwise modified vacuum [39, 40] , show the modification of spontaneous emission when the radiation mode frequency approaches the resonance frequency. Of particular interest is PCs, which are periodic dielectric structures that display a photonic band gap (PBG) in their electromagnetic wave transmission characteristics; PCs have different density of states (DOSs) compared with the free-space vacuum field. Consequently, when trying to manipulate spontaneous emission, it is important to vary photonic DOSs and the relative position of the atomic level from the forbidden gap. For instance, Zhu et al [41] found that the properties of spontaneous radiation are strongly dependent on the relative position of the atomic transition frequency to the band edge by studying the spontaneous radiation and Lamb shift in three-dimensional (3D) PCs. Singh [42] studied the phenomenon of the spontaneous emission cancellation in PBG materials in the presence of dipole-dipole interaction. Additionally, the effect of the atomic position on the spontaneous emission and optical spectra of a three-level atom embedded in a PC has been reported in [43] .
Recently, Dutta and Mahapatra [44] investigated the interference effect between the spontaneous decay channels of a doubly driven M-type atomic system with two closely spaced upper levels interacting with the same modes of the vacuum radiation field; the results showed that the occurrence of two contradistinctive phenomena: the compression of two spectral lines towards their mid-position and the spreading of two lines away from each other under different dynamic conditions. This reminds us of another question: if a similar M-type atomic system were coupled with a PBG reservoir rather than with the vacuum radiation field, what would be the resulting spontaneous emission spectra near the edges of the photonic bands under different conditions? To our knowledge, Entezar et al [45] studied the spontaneous emission and absorption properties of a driven double V-type four-level atom embedded in a modified reservoir, although the discussions were limited to spontaneous emission and absorption in the free vacuum reservoir. In contrast, the aim of the present paper is to study the spontaneous emission spectra in a double-band anisotropic PBG reservoir, rather than in the vacuum reservoir, and we consider the situation when the M-type atomic system is driven by two external laser fields.
In this paper, we study the spontaneous emission behaviors of a driven five-level atomic system with an M-type configuration embedded in a PC. In our system, the V-type transitions are interacting with the PBG reservoir and the other two transitions are coupled by two external laser fields, thus leading to two types of quantum interference: reservoir-induced interference and laser-induced interference. Due to these quantum interference effects, we observe some interesting phenomena such as reservoir-induced spectral-line narrowing and enhancement, reservoir-induced cancellation of spontaneous emission, laser-induced spectral-line splitting and reservoir-and laser-induced dark lines. We also show that the triple and four-peak structures can appear under the action of the two laser fields by appropriately adjusting the frequency detunings of the V-type transition frequencies from the band edges. Besides, a double-peak structure can be observed in the absence of external fields; this feature is similar to that reported by Zhang et al [46] in the emission spectrum from a V-type three-level atom in a double-band PC. These findings are mainly attributed to the quantum interference effects and control of external laser fields. It should be pointed out that the application of two external laser fields as extra parameters has been predicted to introduce another interference effect: the formation of joint interference in the system. These provide more adjustable parameters for the system. In addition, the width of the band gap used in this paper is narrow; such a PC is easier to fabricate and thus the phenomena predicted here may be observable in experiment.
This paper is organized as follows. In section 2, the atomic model under consideration is presented. We derive the analytical expression for describing the spontaneous emission spectra of the system by the use of the time-dependent Schrödinger equation. In section 3, the spontaneous emission properties are studied in detail under different conditions. Also, we put forward the possible experimental realization of our scheme with sodium dimer and 3D PCs. Finally, our conclusions are given in section 4.
Theoretical model and basic formula
We consider an M-type five-level atomic configuration that consists of two upper levels |3 and |4 and three lower ground or metastable levels |0 , |1 and |2 as depicted in figure 1(a) . A pump laser field with carrier frequency ω p and Rabi frequency 2 p drives the transition |3 ↔ |0 . At the same time, a coherent control field with carrier frequency ω c and Rabi frequency 2 c is used to couple the transition |4 ↔ |1 , while the transitions from the upper levels to the intermediate level |2 are coupled by the modes of a modified reservoir (ω k ). The modified reservoir is a double-band anisotropic PBG reservoir as shown in the left panel of figure 1(a) , in which ρ(ω) represents the DOSs of the PBG modes, and ω g1 and ω g2 are the lower and upper frequencies at the edges of the band gap, respectively. The Hamiltonian that describes the dynamics of this system, in the interaction picture and the rotating wave approximation (RWA), can be written as (takinḡ h = 1) [47] [48] [49] 
( e L is the unit polarization vector of the corresponding laser field) denoting the dipole matrix moment for the transition between levels | j and |n ( j = 3, 4; n = 0, 1). Whereas p = ω p − ω 30 represents the detuning of the pump laser field from the resonant frequency of the |3 ↔ |0 transition, c = ω c − ω 41 is the detuning of the control field from the resonance transition |4 ↔ |1 . Here, k and e indicate the momentum vector and the polarization of the emitted photons, respectively. δ k j = ω k − ω j2 ( j = 3, 4) characterizes the detuning of the radiation mode frequency ω k from the atomic transition frequency ω j2 ;â ke andâ † ke are the annihilation and creation operators for the kth reservoir modes with frequency ω k . And g j2 ke is the frequency-dependent coupling constant between the radiation field mode {ke} and the atomic transition from | j to |2 , which we write in the following form:
where e ke is the polarization unit vector of the radiation field, µ j2 is the atomic dipole moment unit vector for the transition
, V is the sample volume and ε 0 is the Coulomb constant.
The dynamics of the system can be described using a probability amplitude method. Then the wave function of the system at time t can be expressed in terms of the state vectors as
where the function b j (t) ( j = 0, 1, 3, 4) is the probability amplitude of finding the atom in level | j and b ke (t) gives the probability amplitude of finding the atom in the intermediate level |2 , the initial value of which depends upon the initial quantum state of the atom being prepared. |{0} describes the vacuum modes of the radiation field, and |{ke} indicates that there is one photon of polarization e and wave vector k in the photon reservoir mode. We substitute the interaction Hamiltonian and the atomic wave function of the system into the time-dependent Schrödinger equation i∂| (t) /∂t = H | (t) ; the coupled equations of motion for the time evolution of the probability amplitudes can be readily obtained as
We proceed by performing a formal time integration of equation (4e) with respect to t and substitute the result into equations (4c) and (4d) to eliminate b ke (t), we can obtain the integro-differential equations
Because the reservoir with mode {ke} is assumed to be non-Markovian (PBG reservoir), the usual Weisskopf-Wigner approximation is not applicable as the DOSs of this reservoir are assumed to vary much more quickly than those of the free space. In order to solve this problem, we introduce the delay Green function [50] 
This function depends very strongly on the photon DOSs of the reservoir. As a matter of fact, the delay Green function is a measure of the photon reservoir's memory of its previous state on the time scale for the evolution of the atomic system, i.e. G jl (t − t ) is a memory kernel, and it can be calculated using the anisotropic dispersion relation of the modified reservoir. We consider the case of a double-band anisotropic effective mass model of the PBG reservoir as shown in the left panel of figure 1(a) , which has an upper band, a lower band and a band gap. In the effective-mass approximation, the photon-dispersion relations near the photonic band edges take the vector form [50] 
where
. Under the effective-mass anisotropic dispersion relations (7), the delay Green function (6) can be expressed in the following form [50] :
is the resonant frequency splitting [15] , which has the dimension of frequency. η jl = δ jl + η(1 − δ jl ) ( j, l = 3, 4) and δ jl is the Krönecker delta function and η = (3/8π ) × ( cos α 42 cos α 32 + cos β 42 cos β 32 ) d is a constant, where {α j2 , β j2 , θ j2 } are the directional angles of the dipole moment unit vector µ j2 in a coordinate system defined by the unit vectors { e k1 , e k2 , k}, and d is the space angle element. Hence η = 1 when the dipoles µ j2 and µ l2 are parallel or antiparallel (i.e. µ j2 · µ l2 = ±1) and η = 0 when µ j2 · µ l2 = 0; otherwise 0 < η < 1. Here η represents the quantum interference in transitions coupled to the modified reservoir. Besides, δ j2gn = ω j2 − ω gn ( j = 3, 4; n = 1, 2) denotes the detuning of the atomic transition frequency ω j2 from the PBG edge frequency ω gn . Our main purpose in the present paper is to investigate the spontaneous emission properties of our system for the transitions within the non-Markovian reservoir. As is well known, the spontaneous emission spectra of the atom S(ω k ) is the Fourier transform of [51] 
By substituting equation (3) into equation (9), we have
where ρ(ω k ) is the DOS of the radiation field, and the photonic DOS of the PBG reservoir can be derived as [50] 
with the Heaviside step function . From equations (4e), (5a), (5b) and (10), we have
whereb j (s) ( j = 3, 4) is the Laplace transform of b j (t).
Carrying out the Laplace transform of equations (4a), (4b), (5a) and (5b), we can obtaiñ
Here
is the Laplace transform of the delay Green function G jl (t − t ), and s is the Laplace variable. For the anisotropic band edges in the effective-mass approximation, the Laplace transform of equation (8) is given bỹ
We assume that the radiation-field reservoir is initially in the vacuum state (no photon in the system), and the atom is initially prepared in a coherent superposition of the upper levels |3 and |4 in the following form:
By comparing equations (3) and (15), we can obtain
The coherent superposition state (15) can be prepared by using an ultrashort laser pulse with an appropriate pulse area. We can take advantage of equations (11)- (14) obtained above, and calculate spontaneous emission spectra for several parameters of the system.
Results and discussion
In this section, we discuss some properties of atomic spontaneous emission spectra by using a few numerical calculations based on equation (12) within the non-Markovian reservoir. All of the parameters used in the discussions that follow are in units of α has the dimension of frequency. At time t = 0 the atom is equally and synchronously pumped to the upper levels |3 and |4 . In the discussions below, we will use some of the detuning parameters, in which δ k is the frequency detuning of the radiation field from the middle of the two upper levels, i.e. δ k = ω k − 0.5(ω 32 + ω 42 ) = δ k3 − 0.5ω 43 where ω 43 = ω 42 − ω 32 is the frequency difference of the two upper levels. The symbol δ g2g1 = ω g2 − ω g1 is the width of the photonic bandgap.
First of all, we will explore the effect of the intensities of two laser fields on the emission spectra in the case of α 2 32 = α 2 42 = 0.1 when there is no quantum interference between the two atomic transitions in the PBG reservoir. For conjoint action of two laser fields with different values of intensity, the spectra display some novel phenomena as shown in figure 2. For the case when p = 0.2 and c = 2, it can be seen from figure 2(a) that a triple-peak structure is located on the left-hand side of δ k = 0 and a single peak is on the right, which are mainly due to the fact that the intensity of the control laser field is much larger than that of the pump field. In such a case, the quantum interference effect that is induced by the control field gives rise to triple splitting. With a gradual increase of the intensity of the pump field, the peak is transferred from the left-hand side of δ k = 0 to the right (see figure 2(b) ). When the intensity of the two laser fields continues to increase (e.g. p = 1.9 and c = 3 in figure 2(c) ), the two left peaks are slightly suppressed, whereas one right peak near δ k = 0 is greatly enhanced and becomes wide and the other right peak is somewhat reduced. Of particular importance is the fact that the separation between the left double-peak structure and the right double-peak structure becomes larger. As we further vary the intensity combinations of the two laser fields, the four-peak structure is changed into a triple-peak structure in the case of p = 2 and c = 1.2 as shown in figure 2(d) , in which the right double-peak structure is evolved into a single peak and the left double peak is close to δ k = 0. Besides, the left peak near the center is enhanced again. As can be seen, it is only when the combination of intensities is tuned to an appropriate value that we can observe a triple-peak structure in the emission spectra.
Next, we will discuss the influence of the initial state preparation on the spontaneous emission spectra for the atom embedded in an anisotropic PBG reservoir. We give the corresponding curves in figure 3 under the condition that the transition frequency ω 42 lies in the upper band and the transition frequency ω 32 is in the lower band. The specific results are as follows. When the atom is initially pumped into the upper level |4 (i.e. b 4 (0) = 1), we can observe a triple-peak structure, and the greatly enhanced ultranarrow spectral line appears in the leftmost peak, which is caused by the quantum interference between the two transitions |3 → |2 and |4 → |2 (see the solid curve in figure 3(a) ). When there is no quantum interference between the two transitions (η = 0) within the PBG reservoir, the extremely enhanced ultranarrow line disappears and the spectra exhibit a double-peak structure, as can be seen from the dashed curve in the inset of figure 3(a) . However, if the atom is initially prepared in a superposition state of |3 and |4 , three peaks and a dark line in the spectra emerge, as shown in the dashed curves of figures 3(b)-(d) . On the other hand, when the quantum interference is maximal between the two transitions from the upper levels to the common level |2 , (i.e. η = 1), the spectral lines are rapidly changed with the variation of the initial state preparation. For the case when b 3 (0) = √ 0.35 and b 4 (0) = √ 0.65, the ultranarrow spectral line is suppressed strongly, and the right peak is split into two peaks; as a result, the spectra have four peaks and three dark lines (see the solid curve in figure 3(b) ). Under the condition that b 3 and b 4 (0) = √ 0.45, the ultranarrow line is almost completely suppressed, and the spectra display a triple-peak structure with three dark lines (see the solid curve in figure 3(c) ). More interestingly, the suppressed ultranarrow spectral line is greatly enhanced under the condition of b 3 (0) = √ 0.75 and b 4 (0) = √ 0.25; at the same time, the right spectral line near δ k = 0 is somewhat enhanced and the other sideband line on the right is gradually suppressed, as shown in the solid curve of figure 3(d) . Similarly, if the atom is initially pumped to the upper level |3 (i.e. b 3 (0) = 1), we can obtain a similar spectral line shape as figure 3(a) (not shown here). As can be seen in the case of η = 1, the ultranarrow spectral line almost disappears and the spectra exhibit a triple-peak structure only when the atom is prepared in an appropriate superposition state. In addition, the spectra have three peaks in the case of η = 0, as long as the atom is initially prepared in a superposition state of the upper levels |3 and |4 .
In order to further explore the effect of the pumpand control-field intensities on the spontaneous emission spectra, we plot S(δ k ) versus the detuning δ k for different combinations of intensity values of the two laser fields in the case when ω 42 is in the upper band and ω 32 lies within the lower band when the two external fields are both tuned to the resonant interaction with the corresponding atomic transition, and the atom is initially prepared in an equal superposition of the upper levels |3 and |4 ; the results are shown in figure 4 . To comprehend the spectral features as shown in the curves b and c, we have plotted curve a for the case when external fields are not acting in the system (i.e. p = c = 0). The dynamic conditions for curve a implies that the M-type atomic system reduces to a simple V-type system [46] which only has two interference decay channels. As a result, the spontaneous emission spectra exhibit a symmetrical double-peak structure with equal height as shown by curve a in figure 4 . In contrast, when the two laser fields are applied, in the case when p = 0.5 and c = 0.25, the effect of the external fields is seen to cause a further splitting in each peak of curve a and gives rise to a four-peak spectral feature as shown by curve b in figure 4 . It is obvious that the bare-state level |3 (|4 ) is split into two dressed-state sublevels |± 3 (|± 4 ) under the action of the pump (control) laser field in the system. Therefore, we can obtain a four-peak structure. The behavior of the spontaneous emission spectra changes in curve c ( p = 1.8 and c = 2.2) for higher intensity values of the external fields. As can be seen, the two central spectral lines are enhanced and become wide, while the two sideband lines become lower. Furthermore, with a further increase of the intensity of the external fields, the range of the cancellation of spontaneous emission at the line center of the spectra becomes wider and wider. This feature is similar to that reported by Angelakis et al [38] in the emission spectrum of a double band PC.
We now turn to what happens to the spontaneous emission spectra by modifying the intensity combinations of the two external fields and the degree of quantum interference between the two transitions within the PBG reservoir under the same conditions as those shown in figure 4 . When there is no external laser field acting in the system, the spontaneous emission spectra exhibit a symmetrical double-peak structure as can be seen from the solid and dashed curves in figure 5 . The solid curve is plotted for the case when there is no quantum interference between the two decay channels (|3 → |2 , and |4 → |2 ) which are coupled by the PBG reservoir; the spectra have two normal linewidth spectral lines. In contrast, when the quantum interference is adjusted to maximal, i.e. η = 1, the dashed curve in figure 5 clearly shows that the two spectral lines become extremely narrow and highly enhanced as a result of the constructive quantum interference between the two transitions. On the other hand, when the two external laser fields are applied, each peak is split into two peaks; thereby a four-peak structure appears in the spectra. The dash-dotted curve shows that there is only a wide range of spontaneous-emission cancellation on the line center and there are no dark lines in the emission spectra in the absence of quantum interference within the PBG reservoir. However, when quantum interference between the two transitions exists, the spectra exhibit a wide region of spectral-line elimination and two dark lines are located on both sides of δ k = 0. In them the quantum interference effect induced by the pathways |+ 3 → |2 → |+ 4 Finally, we will analyze how the frequency detunings of the atomic transitions from the band edges modify the spontaneous emission spectra S(δ k ). In figure 6 , we present the spontaneous emission spectra versus the detuning δ k for various values of the detuning of the atomic transition frequencies from band edges when the pump and control fields are both tuned to the near-resonant interaction with the corresponding atomic transition. The spectra show a four-peak structure with three dark lines (zeros at certain values of the emitted photon frequency) when both atomic transition frequencies are far outside the band gap, i.e. the transition frequency ω 42 is deep in the upper band and the transition frequency ω 32 lies in the lower band as shown in figure 6(a) . Moreover, four spectral lines are distributed on both sides of δ k = 0, in which an enhanced peak is located on the left side. However, when both of the transition frequencies occur near the band edges of the anisotropic PBG reservoir, although ω 42 is in the upper band and ω 32 is still in the lower band, the two left peaks are evolved into a wide spectral line due to the destructive quantum interference whereas the two right peaks are greatly enhanced (see figure 6(b) ). In the case when both of the transition frequencies lie in the upper band, the spectra in figure 6(c) exhibit a four-peak structure, which is similar to figure 6(a) ; the difference is that the leftmost peak is an enhanced and ultranarrow spectral line. It can be clearly seen from figure 6(c) that the four spectral lines are gradually weakened from the left to the right. More interestingly, when both of the upper levels are located within the lower band, the enhanced ultranarrow spectral line emerges in the rightmost peak, and the height of the four peaks decreases gradually from the right to the left (see figure 6(d) ). That is to say, the shape of the spontaneous emission spectra in figure 6(d) is the opposite of that shown in figure 6(c) .
The interesting phenomena in the spontaneous emission spectra discussed above can be explained in the dressed-state picture, as shown in figure 1(b) , which is generated by the pump field p and the control field c , namely, the transition |0 ↔ |3 together with the pump field and the |1 ↔ |4 transition together with the control field are treated as a coupled 'atom+field' system, respectively. The pump and control laser fields generate two pairs of dressed states in the system. The level |3 splits into the states |+ 3 = (|1 − |4 ). As a consequence, we can obtain a new dressed-state five-level atomic system, and the four decay channels |+ 3 → |2 , Before ending this section, let us briefly mention the possible experimental realization of our proposed scheme by means of sodium dimer, which has been used to observe the spontaneous emission cancellation in the experiment [52] . In an actual sodium dimer, the triplet and singlet g-parity Rydberg states can be mixed by spin-orbit interaction to form a series of coupled pairs. Here, we take a pair of them as the two upper levels |3 and |4 . The lower singlet state A u can be used as the lower levels |0 and |1 , respectively. In addition, because the wavelength of spontaneous emission from the upper pair to level |2 is in the visible region, we choose the 3D PCs for the visible spectrum, and the 3D structures with sub-micrometer periodicity can be produced by the 3D holographic lithography technique [53] . In this case, the coherent pump-and control-driving laser fields can be obtained from external cavity diode lasers.
Conclusions
In summary, we have investigated the spontaneous emission properties of an M-type five-level atom driven by two external laser fields embedded in a PBG reservoir with anisotropic 3D dispersion relation. The results clearly show that by properly adjusting the frequency detunings of the atomic transitions from band edges and intensities of two laser fields, as well as the initial state preparation, we can observe some interesting phenomena in the spontaneous emission spectra, such as reservoir-induced spectral-line narrowing and enhancement, laser-induced spectral-line splitting and the appearance of reservoir-and laser-induced dark lines. According to our analysis, we find that the spectra exhibit a double-peak structure in the absence of the external laser fields in our system; in contrast, when the two laser fields are applied and the two upper levels are, respectively, located in the vicinity of the band edges, a triple-peak structure in the emission spectra appears; under the action of two laser fields, the spectra display a four-peak structure when both atomic transition frequencies are far outside the band gap. In addition, we also find that there is only a wide region of spontaneous-emission cancellation stemming from the photonic bandgap in the mid-position when there is no quantum interference between the two transitions within the PBG reservoir. However, when quantum interference between the two transitions exists, we can observe not only the cancellation of spontaneous emission, but also two dark lines distributed on both sides of the line center, and we can obtain a greatly enhanced ultranarrow spectral line when the atom is initially prepared in one upper level but not in a superposition state of two upper levels.
Finally, we would like to mention that the application of 3D PCs offers us further flexibility in manipulating the light-matter interactions, including the manipulation of spontaneous emission here, since PBG materials can be used to better control atomic spontaneous emission. Therefore, according to our analysis, these interesting phenomena may be observable in realistic experiments by using sodium dimers, appropriate polarization light fields and 3D PBG materials. Furthermore, we would like to point out that the use of PCs to manipulate spontaneous emission contributes to a wide variety of applications, including illumination, display, solar energy and even quantum-information systems. For example, in semiconductor lasers, spontaneous emission is the major sink for threshold current, which must be surmounted in order to initiate lasing. In solar cells, spontaneous emission fundamentally determines the maximum available output voltage. Besides, this kind of system has many applications in quantum optics, optical communications and in the fabrication of novel optoelectronic devices.
